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o 

' Abstract. Eigcnfunctions and eigenvalues of the free magnetic Schrodinger op- 

are discussed in detail. The eigenfunctions are realized as an orthonormal basis of 



in 



erator, describing a spinlcss particle confined to an infinite layer of fixed width, 



a suitable Hilbert space. Four different classes of temporally stable coherent states 
associated to the operator are presented. The first two classes are derived as co- 
herent states with one degree of freedom and the last two classes are derived with 
two degrees of freedom. The dynamical algebra of each class is found. Statistical 



1. Introduction 



> 

£^ ■ quantities associated to each class of coherent states are calculated explicitely. 

o 
o 

By generalizing the definition of canonical coherent states, CS for short, Gazeau 
and Klauder proposed a method to construct temporally stable CS for a quantum 
system with one degree of freedom. Since then, the method has been successfully 
applied to different quantum systems IE] • As an extension of [0] , a method was 

b : 

presented to build CS for systems with several degrees of freedom [16 . Motivated 
from the recent interest on temporally stable coherent states, we present in this ar- 
ticle four different classes of CS using the spectrum of the free magnetic Schrodinger 
operator 

(1.1) H = — (P - -A) 2 , 

where A is the magnetic vector potential, e is the charge of the particle, c is the 
speed of light, and P = —ihV with h being the Planck's constant divided by 2n. By 
constructing CS for the operator H we also demonstrate the method proposed in 
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[To] and analyze the temporal stability and action identity conditions for the multi- 
dimensional case. These features were excluded from the discussion of ^B] ■ 
The article is organized as follows. In Section 2, we introduce the detailed descrip- 
tion of the free magnetic Schrodinger operator (|1.1J1 . exploring its spectrum and the 
eigenvectors. In Section 3 we realize the eigenf unctions of Section 2 as an orthonor- 
mal basis of a Hilbert space. For the sake of completeness in Section 4 we discuss 
the definition of Gazeau-Klauder CS. In Section 5, associated with the spectrum 
of (jl.ip . two classes of CS with one degree of freedom are constructed. In Section 
6, two classes of CS with two degrees of freedom are constructed. In Section 7, 
detail classification of the dynamical algebra is provided. In section 8 we explicitely 
calculate the quantum statistical quantities associated to the CS. 

2. THE FREE MAGNETIC SCHRODINGER OPERATOR 

Consider an infinite layer of fixed width d, that is, £ = M 2 x [0, d\. Suppose the layer 
is placed into a perpendicular homogeneous magnetic field of intensity B = (0, 0, B), 
where B is a constant. The Hamiltonian of this system can be written using 

as 

(2.1) H = — (p 2 - -P • A - -A • P + ^-A 2 ] . 

K J 2M V c c c 2 J 

When the circular gauge A = — |r x B = y, x, 0) is chosen, we have for a 

state vector ip 

P-Aip = -ih(V ■ A)V> - ifiA • Vip = A • Pip. 

Consequently, a spinless quantum particle confined to the layer is described by the 
free magnetic Schrodinger operator 

( 2 . 2 ) ^_L( p2 _! A .p + f! A *) 

acting in L 2 (H) with Dirichlet boundary conditions 

^(x, 0) = ?/>(x, d) = 0, x = (x, y) e M 2 . 

In the absence of an additional interaction, the operator H can be written as 

TT h 2 - ieh\B\ ( d d\ e 2 \B\ 2 / 2 2 , 

(2.3) fo=- s VV^^- Js ) + ^ + v=). 
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The presence of the potential x 2 + y 2 suggests the use of the cylindrical coordinates 

for the separation of the variables. Thus we have 

^ n2 e 2 \B\ 2 2 ieh\B\ 8 
(2 ' 4) H » = -2M V+ ^ + ^ 

where 

„ 2 d 2 Id Id 2 d 2 



Q r 2 r Q r r 2 QQ2 Qg2 

If we define the cyclotron frequency u c = — 37^, then 

(2.5) # = V 2 + -r 2 + — L z , where = -iK— . 

y ' 2M 8 2 ' <9# 

Let 

tt(r,M) = VMM*), 
we can easily find that the differential equation satisfied by x( z ) an d obeying bound- 
ary conditions x(0) = x(d) = yields 

/ x /2 ,ixnz^ 

(2.6) x«(«) = y^sin( — ), n=l,2,... 

which form an ortho normal basis in L 2 [0, d]. Note that the case of n = correspon- 
dence to Xo(<2) — is physically insignificant. The corresponding eigenvalues are 

(2.7) ^ = 4r( <n T 1] )\ - = 0,1,2,.... 

This solution is usually ignored in most of the research on such problems (HI EH E] 
on account of the interest being confined to the motion of the particle in the plane 
at right angles to the magnetic field. 

On the other hand the differential equation satisfied by ip(r, 8) describes a two- 
dimensional particle in the perpendicular homogeneous field in the circular gauge. 
Seting ip(r, 9) = <ft(r)e tW with I an integer, one can easily show after some algebraic 
calculations, that the differential equation satisfied by 

(2,) « r)= (^) H/ V^ G (^ 

is 

d 2 G f\l\+l \dG A- 2-21/1 

+ 1 -rr + — ~G = 0, 



d^ 2 V £ J dC 4£ 
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where £ = t^t?" 2 and A = ^§^mi — 2Z. This is known as Kummer's differential 
equation, which has a solution 

G(fl = 1 f.( " A + ^ + 2| " ;|i| + i;0 

with the eigenvalue condition ~ A +2+ 2 M — — m , where m — 0, 1, 2, . . . are the princi- 
ple quantum numbers and / = 0, ±1, ±2, . . . are the angular momentum quantum 
numbers. The eigenvalue condition yields the Landau levels 

e m i = -j^-(2m + l + \l\ + l), 

and the eigenfunctions become 

(2.9) VwM) = N ml r^e-^ r \F 1 (-m; \l\ + 1; ^V", 

where N m i is a normalization constant and \Fi is the confluent hypergeometric 
function defined by 

iFi(-to;7;z) = 



"0* fc 



The Pochhammer symbol (a)^ is defined by (a) = 1 and (a) k = a (a + l)(a + 
2) ... (a + /c — 1) for /c = 1, 2, 3, ... , and may be expressed in terms of the Gamma 
function by (a)^ = T(a + k)/T(a), when a is not a negative integer — m. In the 
exceptional cases, (— m)^ = if k > m and otherwise (—m)h = (—l) k m\/(m — k)\. 
The normalization constant N mt follows out of the inner product relation 

2-k oo 

(2.10) (ipmi | Vwr) = y y ip m i{r,9)ip mn >(r,9)rdrd9 = 5 mm ,5 u/ . 

This yields 



o o 



N't 



2/icV i|+1 7rr(|/| + l) 



e\B\J (\l\ + l)r 



and by means of the identities 

(2.11) r r 2 ^ 1 e- sr \F 1 (-n ] 7 ; sr 2 )^-™; 7 ; sr 2 )rfr = 



and 



/>Z7r 

/ e i{l - V)9 d6 = or 2tt according as Z ^ Z' or Z = I' 
Jo 
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we readily conclude that {ip m i(r, 8)} is indeed an orthonormal set with respect to 
the measure rdrdO where < 9 < 2n. Finally, the spectrum of the free Hamiltonian 
H is 

/ , \ e\B\h, , ,,, N h 2 fn(n + l)\ 2 

(2.12) E(m,l,n) = ^-(2m + l+\l\ + l) + —^ y d } J , n = 0,l,2,.... 

We immediately observe that the energy levels e m i for positive I, yield 

(2.13) E(m,l,n) = ^(2m + 2l + l) + —i^ y - } J , r* = 0, 1,2,.... 



For Z negative or zero, we have |Z| + I = which cause the infinite degeneracy of 
Landau levels e m \. Thereby the spectrum ()2.12j) becomes 

(2.14) £(,„,„) = J_L( 2m + 1) + — (A_Jj , „ = ,1,2,.... 

This particular expression of the spectrum was the starting point of the interesting 
study of Exner and Nemcova [H] concerning the spectral properties of a Hamiltonian 
describing the motion of a spinless quantum particle confined to an infinite planar 
layer with hard walls and interacting with a periodic lattice of point perturbations 
as well as in a homogeneous magnetic field perpendicular to the layer. They remark 
therein that the spectrum ()2.14jl is nondegenerate if the ratio of the coefficients \B\ 
and 7r 2 /d 2 is irrational [Zj. We shall claim this in the next section. 

For simplicity we may assume hereafter that e = H = 2M = c = 1, and 
hence we summarize the situation as follows. For each n = 0, 1, 2, . . . there is an 
orthonormal set of wavefunctions ^ m i n (r,9, z) = ?pmi( r ,9)Xn(z), eigensolutions for 
the Hamiltonian H , given by 



(2.15) x a Fi(-m; \l\ + 1; ^fte^sin ^ + ' 



2 ' \ d 

in the state Hilbert space £ 2 (£), which actually is the direct product £ 2 [0, oo) 
L 2 [0,2tt) ®L 2 [0,d]). 
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3. Density Argument 



Making use of the tensor product concept immediately preceeding, we lump the 
tensor product £ 2 [0, oo) ® L 2 [0,2tc) of the first two Hilbert spaces into the Hilbert 
space £ 2 ([0, oo) x [0, 2tt)), which consists of all complex-valued Lebesgue measurable 
functions h on [0, oo) x [0, 2tt) with 



oo p2tt 

2. 



JO 



\h(r, 9)\ 2 rd9dr < oo. 
Let £ 2 (£') = £ 2 ([0, oo) x [0, 2vr)) ® L 2 [0, d], where 



with m = 0, 1, 2, . . . and Z = 0, ±1, ±2, ... is an orthonormal system of the Hilbert 
space £ 2 ([0,oo) x [0, 2tt)) and 

[2 (n(n + l)z\ 

i - -Hr L )=» = o,i,2,... 



is an orthonormal basis of the Hilbert space L 2 [0,d}. If we can show that 
m = 0, 1, 2, . . . , I = 0, ±1, ±2, . . . } is an orthonormal basis of the Hilbert space 
£ 2 ([0, oo) x [0, 2tt)), then {V mln : m = 0, 1, 2, . . . , I = 0, ±1, ±2, . . . , n = 0, 1, 2, . . . } 
becomes an orthonormal basis page 52, Theorem 3.12) of the Hilbert space 

£ 2 (S'). 

Theorem 3.1. The set {^> m i '■ m — 0, 1, 2, . . . , I — 0, ±1, ±2, . . . } is an orthonormal 
basis of the Hilbert space £ 2 ([0, oo) x [0, 27r)). 

Proof. Let us assume that it is not. Thus there exist a nontrivial ^ G £ 2 ([0, oo) x 
[0, 2n)) satisfying 

oo 2ir 




^ m i(r, 0)¥(r, 9)rdrd9 = for all m = 0, 1, 2, . . . and / = 0, ±1, ±2, 



o o 



Since the linear hull [T5] 

|5|r 2 



2 



(L.if.) ( iF^-ib; |/| + 1; Hh)( Q <k<m))= (L.H.) [ r 2fc (0 < k < m 



Temporally stable CS for a magnetic operator 7 

it follows after taking suitable linear combination of the ortho normal set {^m '■ < 
k < n} with I fixed, that 

oo 2tt oo 2tt 

2\l\+2m -M^ JUttTZ flW-z/fl - f JZ\l\+2m+l -&}£ fjW\ 




r 2W+2m e-*e U0 $(r,e)rdrd6 = J r 2W+2m+1 e~^ J e tW ty(r,8)d6dr = 



for all m = 0, 1, 2, . . . and I = 0, ±1, ±2, .... By a further linear combination in- 
volving the complex parameter s, namely 



(3.1) e m (sr 2 ) = 



'sr 2 ) k 



k\ 



k=0 

we obtain, by means of Lebesgue dominated convergence theorem applied in 
terms of the following inequality 

\r 2W+1 e m (sr 2 )e-^e iW \ < r^+V 1 * 1 " 1 ^ 2 |^(r, 9)\ G ^([0,00) x [0,2vr)) 

for all m = 0, 1, 2, . . . and after taking limit m — > 00, that the holomorphic function 
of variable s 

oo 2n oo 2tt 

j j r 2 W +1 e-( s+ ^ 2 e iW Wr^)dr = J r 2|*l+i e -(s+^ 2 J e iW ^6)d6dr = 
00 00 

for all s in the half-plane 9ft(s) > — 4 ■ We arrive at this conclusion by means 
of analytic continuation of the fact that the immediate preceeding holomorphic 
function takes on the value if \s\ < -^p. We make the substitution r = -y/t, and 
thus achieve 

00 2n 

J t^e-^^ J e iW ^(Vi,9)d9dt = for all I = 0, ±1, ±2, . . . . 


Utilizing the uniqueness of Laplace transform |3| , we conclude that 

J e iW ^(r,6)d9 = a.e. in r on [0, 00) for I = 0, ±1, ±2, . . . . 


In consequence hereof, there exist Lebesgue measurable subsets E t of [0, 00), such 
that their complements in [0, 00) have one-dimensional Lebesgue measure zero - i.e. 
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oo 

/xi((0, oo) \E t ) = for all I = 0, ±1, ±2, We define E = f| and note 

i=— oo 

2- 



e^tf (r, 9)d9 = Vre£ and /^((O, oo) \ E) = 0, 
which follows directly from 



o 



(0, oo) \ ( f| eS = [J ((0, oo) \ Eh) 



with /i 1 ((0,oo)\E) < / il ((0,oo)\E,) = 0. 

l=— oo 

Thus it becomes clear that 

y e iW *(r, 6)d6 = V r G E and V Z = 0, ±1, ±2, . . . . 



Since tf(r,0) G £ 2 ([0,oo) x [0,2vr)), namely 

oo 2?r 27r oo 

y J\^(r,9)\ 2 rd9dr = J j ' \^(r,9)\ 2 rdrd9 = J J \^(r,9)\ 2 dfx(r, 9) < oo 

[0,oo)x[0,2tt) 

with dfi(r, 9) = rdrd9, which follows from the Tonelli-Hobson theorem [21], we may 
conclude without loss of generality that 

2tt 

y e iW ^(r,9)d9 = V I = 0, ±1, ±2, . . . and r e E with #(r, •) e £ 2 [0, oo). 
o 

We consequently have for r G -E with ^(r, ■) G £ 2 [0, oo) that 

2?r 

//*27T 
|*(r, 6) 1 2 d6> = for all r satisfying / \^ (r, 9)\ 2 d9 < oo. 

o 
Because this holds for almost all r G [0, oo), it follows that 

OO 27T 

|#(Y\#)| 2 rd#dr = 0, 




o o 

which in turn implies \I/ is a trivial £ 2 ([0, oo) x [0, 27r))-function. Hence {^ m i '■ m — 
0, 1, 2, . . . , I = 0, ±1, ±2, . . . } is an orthonormal basis of £ 2 ([0, oo) x [0, 2tt)). □ 
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Thus {^min : m = 0, 1, 2, ...,/ = 0, ±1, ±2, . . . , n = 0, 1, 2, . . . } is an orthonor- 
mal basis of £ 2 (£') = £ 2 ([0, oo) x [0, 2tt)) ® L 2 [0, d]. 

We shall also consider the case where |Z| + I = 0, where in this case the spectrum 



takes the form 



(3.2) E(m,n) = \B\(2m + l) 



ir(n + 1" 



■"> 



d 

We fix / = for the wavefunction ip mn i of (j2.15|) . In this case Vwz : = ip mn can be 
written as if) mn = 4>m ® Xn where 

A — r _M r 2 l-S| r2 \ /2 /7r(n + l)^x 
<M?~) = V |-B|e * ^(-m;!;— ) aad Xn(«) = Y^ mn V. j )■ 

From 1)2.11)1 we have 



OO 







[s] 2 \B\r 2 \B\r 2 1 

e~~ r i-F±( _ri ; 1; — r— )iFi(-m; 1; — ^— )rdr = rg|<W 



Thus {0 m : m — 0, 1, 2, . . . } is an orthonormal system in the Hilbert space £ 2 [0, oo). 

Corollary 3.1. When \B\ and are irrationally related, the spectrum E(m,n) of 
jl.V. jj)) zs nondegenerate and the set of vectors 

{VW = <t>m ® Xn ■ m = 0, 1, 2, ...; n = 0, 1, 2, ...} 

forms an orthonormal basis of the Hilbert space £ 2 [0, oo) <8> £ 2 [0, d]. 

Proof. If we have two pairs (m,n) and (m',n') such that E(m,n) = E(m',n') then 

7r 2 2(m' — m) 

|5|d 2 = (n + l) 2 - {ri + l) 2 

is a rational number. To prove *Bi = {Vw : m = 0, 1, 2, n = 0,1,2,...} is an 

orthonormal basis of £ 2 [0, oo) ® L 2 [0, d] it is enough to show that 0^2 = {4> m '■ fa = 

0, 1, 2, ...} is an orthonormal basis of £ 2 [0, oo). Suppose 0^2 is not an orthonormal 

basis of £ 2 [0, oo), then there exists a non-trivial G £ 2 [0, oo) such that 



<f)m(f)4>(f)rdr = 



o 



for all m = 0, 1, 2, .... Since 



(L.H.) f iFi(-Jfe; 1; ) (0 < fc < m) J = (L.H.) (r 2k (0 < k < m)) , 
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we have after taking suitable linear combination of the orthonormal set : < 
k < m} that 



OO , n 

2m+l — J — '— 



r 2m+L e — — 0( r ) rfr = Q . for ^1 m = o, 1, 2, .... 

By a further linear combination of (J3.1|) and by means of the Lebesgue dominated 
convergence theorem applied to 

\e m (-sr 2 )e- m ^\ < e |s| -^|0(r)| G L^O.oo); m = 0,1,2,... 

we obtain 

e _(s+ ~ )r (p(r)rdr = 
for all s such that £He(s) > — By letting r = \/t we have 



e- st e~ — (p(Vt)dt = 



for all s such that D\e(s) > — 4 • Uniqueness of the Laplace transform yields 



e 4 (f)(y/i) = a.e. in t on [0, 00) or <p(r) = a.e. in r on [0, 00) 
and consequetly 



OO 

2 



r)| rdr = 0. 







Hereby (j) is trivial in £ 2 ([0, 00)), which contradict the assumption. Thus {(f) m : m = 
0, 1, 2, ...} is an orthonormal basis of £ 2 [0, 00). □ 

Remark 3.2. Since 

OO 

£ 2 [0, 00) <g> {e iW } ® L 2 [0, d] = £ 2 [0, 00) ® L 2 [0, 2vr) ® L 2 [0, rf], 
i=— 00 

one can prove for each fixed I < that the spectrum E(m,n) is non-degenerate 
and the set of vectors {ip mn i : m = 0, 1, 2, n — 0, 1, 2, / fixed and < 0} is an 
orthonormal basis of the subspace £ 2 [0, 00) <8> {e lW } ® L 2 [0, d). 
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4. Gazeau-Klauder coherent states 



11 



In this section, we introduce the general features of Gazeau-Klauder CS. Let H 
be a Hamiltonian with a bounded below discrete spectrum {e m }^ =0 and it has been 
adjusted so that H > 0. Further assume that the eigenvalues e m are non-degenerate 
and arranged in increasing order eo < &\ < e2-... For such a Hamiltonian, a class of 
CS was suggested by Gazeau and Klauder 0, the so-called Gazeau-Klauder coherent 
states (GKCS for short), as 



(4.1) | J, a) =AT(J)- 1 Y1 



jm/2 e -ie m a 



m=0 



Vp( m ) 



where J > 0, — oo < a < oo, {r] m }^ =0 is the set of eigenf unctions of the Hamiltonian 
and p{m) = e\e% . . . e m = e m \. In order to be GKCS the states (|4.1j) need to satisfy 
the following: 



oo 

J" 



p{m) ■ 



(a) For each J, a the state is normalized, i.e. 1 = (J, a \ J, a) = J\f( J) 2 

m=0 

(b) The set of states {| J, a) : J 6 [0, oo), a G (— oo, oo)} satisfies a resolution of 
the identity 



^ /*<5 /*oo 

(4.2) lim — / da/ \{J)dJ \ J,ot){J,a\= I 

<5^oo 2d < /_ (5 J 

where A (J) is an appropriate weight function; 

(c) The states are temporally stable, i.e., e~ lHt \ J, a) —\ J,a + t); 

(d) The states satisfy the action identity, i.e., ( J, a \ H \ J, a) — J. 

The condition (d) requires eo = 0. In the case where only the conditions (a)-(c) 
are satisfied we phrase the resulting CS as "temporally stable CS". In the case 
where eo 7^ one can shift the spectrum backward by eo and work with the shifted 
spectrum. 

The dynamical algebra of the system can be defined as follows: The generalized 
annihilation, creation and number operators defined on the state Hilbert space 9) 
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with respect to the basis {^ m }^ =0 can be given by (see |T]) 

aVm = y/e^Vm-i, w hh ai] = 0, 

(4.3) a ] ri m = y /e m+1 T] m+1 , 

ni] m = e m r] m , (n = a 1 " a) 

and the commutators take the form 

[a, a f ] rjm = (e m+ i - e m )r] m , 

(4.4) [n, d]ri m = (e m+1 - e m )a<r) m , 

[n, a}r] m = (e m _i - e m )a?7 m . 

The algebra generated by the operators {a, a* - , n} and its deformations (up to iso- 
morphisms) serve as a dynamical algebra of the Hamiltonian. 
In [HI! the definition (j4.1j) was generalized to multi-dimensions as 

(4.5) | J,b) =Af(J)- 1 V -^=e" ib - e(n) | n) 

where the sum runs over all possible values of the variables rij, M is a normalization 
factor and p(n) is an arbitrary positive function of all the indices. Further, J n//2 = 
YYj=i Jj* i ^ ' e ( n ) = a i e i( n ) + ••• + ot r e r (n) and | n) =| n\) ® ...<E> | n r ) where 
{| rij)} forms an orthonormal basis for an appropriate Hilbert space Sjj. Using ()4.5|) 
GKCS for the rth degree of freedom is defined as 

(4.6) | n 1 ,...,n r - 1 ,J r ,a r )=K(Jr)- 1 Y t J l= e ~ iarer( - n) ' n > 

n r V P r 

where the normalization factor M r and the function p r may depend on the other 
indices. In addition to the normalization condition, when m, ...,n r _i are fixed, the 
states (|4.6|) should satisfy a resolution of the identity on the subspace obtained by 
fixing rii, 1^2, ..n T -i. 

(4.7) / | rix, .--,n r _i, J r ,a r )(ni, ...,n r _i, J r ,a r | dp( J r , a r ) = I nii „ Jrn ,,_ r 
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For the multi-dimensional case, if one takes Pj(n) = Pj{n\, n 2 , n,j) and ej(n) = 

ej(rii,n 2 , ...,rij) we can associate multiple degrees of freedom: 

(4.8) 

T«l/2 T«,2/2 Tlir/2 

I J, b) = A/f 1 y J -l— e - ia ^N^ x Y ^e-^.-.Af- 1 V ±— e ~^ | n) 

^ y/Pl VP? 

ni v n,2 v n r v 

where A/} = J\fj(Jj, d r ; n i, ■■•,%-!)■ If Pj and e.,- are independent of n k , k < j then 
the states (j4.8J) may give us simple tensor product of states. For the states ()4.8|) a 
resolution of the identity takes the following form: 

s 

r 



Y ro roc y Pv /*oo ro 

lim — / da! / Ai(Ji) lim — / da 2 / Ai(Ji, J 2 , ni)... lim — x \da 

T-*oo 2d J_,5 Jo S^oo 20 y_ 5 J 5^oo 2d 

/■oo 

x / A r ( Ji, J r , rii, n r _i) | m, ...,n r , J, b)(ni, n r , J, b | d.J\...dJ r 
Jo 



I 



where Aj, j = 1,2, ...,r are positive weight functions. For the multi-dimensional 
case, the temporal stability and the action identity can also be added. We will dis- 
cuss these issues through the problem of this paper in Section 6. 
In the following sections, when I = we derive temporally stable CS for the Hamil- 
tonian H with the spectrum E(m,n) on the subspace £ 2 [0, oo) (g) ^= (g L 2 [0, d], 
which is indeed a subspace of £ 2 (£). However, £ 2 [0, oo) <g> (g L 2 [0,d] is iso- 
morphic (in the Hilbert space sense) to -7= (g £ 2 [0, 00) (g L 2 [0,d] as subspaces of 
£ 2 [0, 00) <g L 2 [0, 2vr] (g L 2 [0, d] and L 2 [0, 2vr] <g £ 2 [0, 00) <g L 2 [0, d] respectively. Nev- 
ertheless, the subspace ^= (g £ 2 [0,oo) (g L 2 [0,d] is (Hilbert space) isomorphic to 
£ 2 [0, 00) <g) L 2 [0, d] and hence, we may consider the Hilbert space £ 2 [0, 00) (g L 2 [0, d] 
instead of the subspace £ 2 [0, cxo)(g-i=£g>L 2 [0, d] to which it is isomorphic. Therefore, 
the action of the Hamiltonian H Q on £ 2 [0, 00) ® ^7= <g> L 2 [0, d] carries to the Hilbert 
space £ 2 [0, 00) (g L 2 [0, d]. Hereafter we refer the Hilbert space £ 2 [0, 00) (g L 2 [0, d] as 
the state Hilbert space of the Hamiltonian H for 1 = 0. 

The GKCS studied in |8. for the Landau levels may be regarded as a set of GKCS 
constructed in the absence of n and I from the spectrum E(m,l,n) of (j2.12j) . The 
GK-like CS (in the terminology of [THJ ) studied in jTH] can be taken as a class of CS 
for the spectrum E(m, I, n) in the absence of n. 
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5. CS WITH ONE DEGREE OF FREEDOM 



We introduce two classes of temporally stable CS with the form (J4.6|) for the 
spectrum (|3.2j) . by first fixing n followed by another class where m is fixed. In both 
cases the ortho normal basis is denoted by the same symbol ip m , n - However, it should 
be clear that in each case the other index is fixed and the vectors ip m ,n belong to 
the corresponding subspace of the state Hilbert space £ 2 [0, oo) (g> L 2 [0, d]. For sake 
of simplicity \B\ := B. 

5.1. When n is fixed. Here we discuss a class of temporally stable CS for the 
first degree of freedom (the freedom through m) . Since the energy spectrum of the 
Landau problem is E m = B(2m + 1), the following set of CS can also be considered 
as a set of CS with a forward shift of the Landau levels. Further, the construction 
also serves as a preparatory step of the formation of CS for two degrees of freedom. 
Let 

p(m) = E(l,n)E(2,n)...E(m,n) 
where E(m,n) is given by (|3.2jl . We have 

d 



P (m) = g \B{2k + 1) + ^t±}l ) ) = (22JH 7 ) f 



where 

Bd 2 + vr 2 (n + l) 2 
7 = 1 H — . 

1 2Bd 2 

Let us study the following class of vectors 

(5.1) | J,a,n) = M^ny 1 V] == ^ m>n . 

m=0 VP( m ) 

The normalization condition (J,a,n | J, a,n) = 1 yields 

00 jm j 

(5-2) ^«") 2 = i: o 2^(^ = ^( 1; ^2l' >0 ' 

which converges for all J > 0. For a resolution of the identity, let — oo < a < oo 
and set a measure 

du(J,a) = du(J)da = . . 1^1(1:7; —)e~^J 1 ~ 1 dJda. 

h>\ j 1 \ s WBnTij) 2B J 
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The knowledge of the equations (|4.2j) and (|4.7|) leads to 



OO 







J, a, n) (J, a, n | <i/i( J, a) 



oo oo 



>p I 1pm,n)(lpl,n I f°° f J m/2+l/2 j iE ( m ,n)-E(l,n)) a . / rN> 



m 
oo 







oo 



m=0 

where we employed the identity 



oo 

(5.3) / e- ax x s - l dx = a- s T(s) 

Jo 

with s = m + 7 and a = For the temporal stability, since for fixed n 

H ip m , n = E(m,n)ip m>n , m = 0,1,2,... 

and 

-iE(m,n)a -iH t I ~iE(m,n)a -iE(m,n)t i _ -iE(m,n)(a+t) i 

we have 

(5.4) e~ iH()t | J, a,n) =| J,a + t,n). 

Thus the states | J,a,n) form a set of temporally stable CS. Since i?(0,n) 7^ the 
action identity cannot be obtained. The overlap of two states takes the form 

e - i(a - a ')(B + * 2 (ffi> 2 ) jj, e -2iB{ a - a >) 

(J, a, n I J',a',n) = =iF 1 (l;7; — ). 

^1(157; ^)i^i(l;7; A) 2 ^ 

If a = a' we get 

^(157;^) 



(J,a,n I J',a } n) = — - 

Remark 5.1. • In (|5.1|> instead of taking p(m) = E(l,n) . . . E(m,n) if we take 
p(m) = e(l,m) . . . e(m,n) with e(m,n) = E(m,n) — E(0,n) then we can have 
= e(0,n) < e(l,n)... and thereby we can have a set of GKCS. In this case, 
pirn) = 2 m B m m\, 7V(J) 2 = e J ^ 2B ^ and a resolution of the identity is obtained with 
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the measure dfx(J, a) = 2BJ ^i , n e ~ J// ^ dad J. The temporal stability and the action 

identity follow straightforwardly. 

• The spectrum of the isotonic oscillator 

H = -^- 2 +x 2 + - 2 (A>0) 
dx A x z 

is e m = 2 (2m + 7) where 7=1 + \\fl + 4A Since this spectrum is nondegenerate 
and the eigenf unctions form an orthonormal basis of the Hilbert space L 2 [0, 00) jTHj, 
when B = 2 and ip mn is replaced by the wavefunctions of H, the set of CS given in 
(|5.1|) can also be considered as a set of temporally stable CS for H with a forward 
shift of the spectrum. 

5.2. When m is fixed. We discuss a class of temporally stable CS for the 2nd 
degree of freedom obtained through n by fixing m. That is, the following class of 
CS can be considered as a class of CS constructed with the effective part of the 
spectrum due to the infinite layer. The other aim of this subsection is to facilitate 
the calculations of the following sections. For fixed m let 

p{n) = E(m, l)E(m, 2)...E(m, n). 

Thereby 

'tt(£;+1)\ 2 \ /7r\ 2 ™ 



p{n) = f[ (5(2771+1) + (- 

k=i V ^ 



d 



G9)»G9), 



where 



P = 2 + —y/B(2m + l) 

7T 



and P is the complex conjugate of p. Note that, the product (P) n {P)n is a real 
positive number. Consider the set of vectors 

(5.5) I J, a, m) = Af(J, m)' 1 V -± =e - iE( ' m ' n ^ 

T^o VP( n ) 



m,n- 



The normalization factor J\f(J, m) is obtained, by demanding (J, a, m \ J, a, m) = 1, 
in the following form. 
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which is a real positive function and defined for all J > 0. For J > and — oo < 

a < oo set 

dfi(J, a) = M(J, m) 2 \(J)dJda. 
For a resolution of the identity, we have 

/ / I J, a, m)( J, a, m I d/i(J, a) = ■ ^ Jm < n ^^ m < n I f J n \(J)dJ 
Jo J ' ^ P(n) Jo 

oo 

^ I 1pm,ri} (lpm,n | -^m 



n=0 



if there is a density A (J) to satisfy 

/oo 2r2, 
J n \(J)dJ = p(n) = (-) (P)n(P)n. 

Since 

/•oo 

(5.8) / 2K 2ri (2^)x s ~ 1 dx = T(s -rj)T(s + r]) 
Jo 

the density 

(5.9) A(J) = ^~^K B 73 f — 

1 ; 1 ; 7r 2 r(/5)r(/?) J 

satisfies (|5.7j) . where is the modified Bessel function of the third kind of imaginary 
order jl] and may be regarded as the kernel of the Kontorovich-Lebedev transform 
[To"] in the light of (|5.8|) . The temporal stability follows similar to the previous case. 
Thus we have a set of temporally stable CS without the action identity. As in the 
previous case, when a = a' the overlap of two states takes the form 



(J, a, m | J', a, m) 



Remark 5.2. • Let E n = E(m,n) — E(m,0). In ()5.5|) if we replace the p{n) = 
E(m, l)...E(m,n) by p(n) = E\...E n = n\(n + 2)!/2 we can have the action identity 
and thereby a class of GKCS. In this case the normalization factor takes the form 
Af(J) 2 = J/[2I 2 (2\/~J)} and a resolution of the identity can be obtained with the 
measure dp(J, a) = J\f(J) 2 \(J)dadJ where 



2,0 
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which is given in terms of the MeijerG-function (see |14j . pp. 303, formula (37)). 
• A class of GKCS for the infinite well potential with the spectrum e n = n(n + 2) 
is given in [2|. When d = it the above class of CS can be considered as a class 
of temporally stable CS for the infinite well with a forward shift of the spectrum. 
In this case the state Hilbert space has to be replaced by the Hilbert space of the 
infinite well. 



In this section we present two different classes of CS with two degrees of freedom 
in the form ()4.8|) . In the first case, we present a class of CS as a tensor product 
of two classes of states by setting pi,p 2 ,ei and e 2 independent. In the second case, 
within the multiple sum, by letting one sum depends on the other through pi, p 2 , ei 
and e 2 , we present a class of CS where the resulting CS cannot be considered as 
a tensor product of two states. Further, both classes are considered as temporally 
stable CS for the Hamiltonian Hq with the spectrum E(m,n). 

6.1. When summations are independent. Let e m = B(2m + 1), e n = [ir(n + 
l)/d] 2 , pi(m) = e x e 2 ...e m = e m \, and p 2 (n) = e x e 2 ...e n = ej. Thus 



6. CS WITH TWO DEGREES OF FREEDOM 




m 



Pi{m) 



k=l 




The set of vectors under consideration is as follows: 



(6.1) 





Since 



jm 



oo 



( Ji, J 2 , ai, a 2 | Ji, J 2 , «i, a 2 ) = M( Ji) 2 )^ 



Pi{m) 



p 2 {n) 



m=0 



n=0 
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the normalization requirement ( J 1; J 2 , «i, a 2 | ^2, <Xl, ^2) = 1 yields 

00 Tn 00 1 / j2 t \ « j2 j 

^) 2 = E4t = E7wV(^) =i^(l; 2, 2;^) 

^P2(n) ^ (2) n (2) n V 7T 2 J 7T 2 

and 

00 ^ Tm 3 J 

M(Jl)2 = E 2 m B ln\ = ^ 2 ; ^ 

m=0 v 2 / m 

For J 1; J 2 G (0, 00) and —00 < «i, a 2 < 00, let us assume that the measure 
(6.2) dfi(Ji, J2, «i, a 2 ) = Ni(Ji) 2 N2(J2) 2 ^i(Ji)^2(J2)dJidJ 2 da 1 da 2 . 

The weight functions Ai(Ji) and A 2 (J 2 ) w iH be chosen to satisfy a resolution of the 
identity. In this case, we have 




'0 jo 

00 



Jl, J 2 , «!, Cl 2 )(Ji, J2, Oil, &2 I dfl(Ji, J2, CKl, 02) 

e 1 0m> /^ 1 r j?\i{Ji)dJi® ^ xn) ^ r^x 2 (j 2 )dj 2 

00 00 

= E I 1 ® / J Xn)(Xn |= ^2[0,oo) ® 

m=0 n=0 

under the assumption that the densities X\(Ji) and A 2 (J 2 ) are such that 

(6.3) jf J?\i{Ji)dJi = pi(m) = 2 m B rn and 

(6.4) J2\ 2 (J 2 )dJ 2 = p 2 {n)= Q) 2n (2)„,(2) n . 
The density 



satisfies (|6.3|) and the density 

As(j2) = 

where _fT is the modified Bessel function of order 0, will prove ()6.4|) . Since ^Vn 

<Pm ® Xn and H ip mtn = E(m, n)ip m>n we have 

H {4> m <8> Xn) = (e m + e n )0 TO <g> Xn- 

Therefore, we have 

e- iHot <t> m ®Xn = e"' (em+E " ) V m ® Xn 
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and thereby 



e zHot | Ji, J 2 , ai, a 2 ) =| Ji, J 2 , «i + «2 + £)• 



Thus the states | Ji, J 2 , «i, a 2 ) are temporally stable. 

Remark 6.1. • Since H (fi m ® Xn = (e m + e n)0m ® Xn, even under the assumption 
e o — e o — (i.e, even if we shift the spectrum backward), we cannot have the action 
identity. Therefore, we only have a set of temporally stable CS. 
• If we shift e m and e n backward by e and e we get e m = e m — e = 2Bm 
and e n = e n — e = 7r 2 n(n + 2)/d 2 and thereby px(m) = e\...e m = 2 m B m m\ and 
p 2 (n) = ?„...<T n = n 2n n\(n + 2)\/{2d 2n ). In when we replace Pi(m), p 2 (n), e m 

and e n by p x (m) , p 2 (n) , e m and e n we get 




= e 2S . 



In this resolution of the identity is obtained with the measure 



dn(Ji, J 2 , oti, a 2 ) = A/i( ^i) 2 -A/" 2 ( J 2 ) 2 Ai( Ji)A 2 ( J 2 )dJ l dJ 2 daida : 



"2- 



where 




The temporal stability follows easily. 



6.2. When summations depend one on the other. For fixed m let 



Pi(m, n) = E(m, l)E(m, 2)...E(m, n). 



From section I5.2I we have 




where (3 and (3 are as in section I5.2I Let 
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Consider the following set of vectors 
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uu jm/2 

J x , J 2 , a u a 2 ) = J2)- 1 J2 J__ e-' e -"W 2 (J 2 , m)" 1 



m=0 
2 „-ie n a2. 



(6.5) X E^= 



n=0 



^/pi(m,n) 



In order to obtain the normalization factor let us compute the norm of the vector 
I Ji, J2, "i, a 2 ). 



(Ji,J 2 ,ai,a 2 I Ji, J 2 , ai,a 2 ) = J 2 )~ 2 r M 2 {J 2 ,m)~ 2 

m=0 FZ V 7 

X " 



n=0 ^^'^ 



if 



v in 



(6.6) A/" 2 (J 2 ,m) 2 = Y P - and 

/ — ' pi(ra, n) 



(6.7) M(Ji,J 2 ) 2 = £ 



n=0 

jr 



^ o p 2 (m)7V 2 (J 2 ,m) 2 ' 



By (|5.6|) we have 



A/^m) 2 ^^) ^) >1 V J 2 £ (0, 00) 



Thus, we have 



CO 



M(Ji,J 2 ) 2 = X) 



> 2 (m)iF 2 (l;/?,/?;^) 
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which converges for all J\ > 0. For J%, J 2 G [0, oo) and — oo < a%, a 2 < oo we have 
Ji, J 2 , «i, a 2 )(Ji, J 2 , on, a 2 I Xi(Ji)\ 2 (J 2 ,m)dJidJ 2 daida 2 

\<l>m)((f>m\®\Xn}(Xn\ f°° J ? 






00 00 



( () n p 2 (m)p l (m,n) J Ni(J h J 2 



A 2 (J 2 , m)dJ 2 



oo jn 
J 2 



lo A/" 2 (J 2 ,m)2' 

oo oo 

= ^2^2 \ 4>m) ((Pm \ ® \ Xn)(Xn \= I&[0,ao) ® ^L2[0,d] 
m=0 n=0 

if there are densities Ai(Ji) and A 2 (J 2 ,m) such that 

Tin /"OO TO 

J l \ / T \ 7 J / J 2 



( 6 - 8 ) / hf ( i t ^ (Ji) dJ i / T777 ^A 2 (J 2 ,m)dJ 2 = p 2 (m)p 1 (m,n). 

Jo A/i(Ji,J 2 ) 2 y N 2 {J 2 ,m) 2 

Let 

A 2 (J 2 )=AT 2 (J 2 ,m) 2 A 2 (J 2 ,m) and A x ( J x ) = M( J 1? J 2 )%( J x ). 
Then (16. 8[) reduces to 

/•CO /*OG 

(6.9) / J^A 1 (J 1 )dJ 1 J^A 2 (J 2 ,m)dJ 2 = p 2 (m) Pl (m,n). 
Jo Jo 

If we combine ()6.3|) and (|6.4j) we can have ()6.9|) . Thus we have a resolution of the 
identity. By the same argument of subsection 16.11 we have 

e -iH t | jr^ ^ _| ai _j_ ^ a2 _j_ ^ 

Thus the states | J\, J 2 , a\, a 2 ) are temporally stable. 

Remark 6.2. • Instead of defining the states as in ()6.5|) . if we define them as (notice 
that the change will not affect the calculations preceding this remark; thereby the 
following class of vectors also forms a set of CS) 

oo jm/2 

I Ji, J 2 ,«!,« 2 ) =M(J 1 ,J 2 )- 1 V J_^ e- ie -"W 2 (J 2 ,m)- 1 

m =o VPiM 

oo jn/2 

(6.10) x V - 2 e^ m ^ a ^ m ® X n 

^ y/pi(m,n) 

we can have 

e lHot | Ji, J 2 , oti, a 2 ) =| Ji, J 2 , ai, a 2 + t). 
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Still we have the temporal stability, but only the second part of the states evolve 
with time. In this case, if we shift the spectrum so that E(m, 0) = we can have 
an action identity in the following sense: 

Jf 

r. 

m=0 

J 2 m £(m,n) 



(Ji, J 2 ,a h a 2 | #o | Ji,J 2 ,a u a 2 ) = Ni{J\,J 2 ) 2 V" — 7-^N 2 {J 2 ,m)' 

^ P2{m) 



oo 

X 

n=l 



Eu 2 rj^iib. n) _ 
Px{m, n) 



• If we shift e m and E(m, n) backward by eo and E(m, 0) we get e m = e m —eo = 2Bm 
and E(m, n) = E(m, n)—E(m, 0) = 7r 2 n(n+2)/d 2 , which is the same case considered 
in Remark I6.ll 

7. Dynamical algebra 

In this section we discuss the dynamical algebra associated to each set of tem- 
porally stable states of the previous sections. Here we follow the operator structure 
developed in Section 0] That is, we follow the annihilation, creation and the number 
operators of f)4.3|) . 

7.1. For the states of section 15. 1L When n is fixed the spectrum E(m,n) = 
B(2m + 1) + ^ 7r ("^ fl ) j can De written as 

E(m) = b\m + c\, 

where b\ = 2B and C\ = B + ^ 7r ("+ 1 ) j are constants. The corresponding generators 
take the form ()4.3|) with x rn = E(m). From ()4.4|) the commutators take the form 

[a, a 1 "] = bil, [n, a] = bi<\\ [n, a] = — bi<x. 

Thus the dynamical algebra is isomorphic to the Weyl-Heisenberg algebra, g w _h- To 
get the exact commutation relations of the Weyl-Heisenberg algebra one can define 
a new set of operators as follows. 

- 1 -t 1 t - 1 



In terms of these new operators one gets 



[a, a f ] = /, [n, a f ] = a\ [n, a] 
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7.2. For the states of section 15. 2L When m is fixed the spectrum E(m,n) = 

B(2m + 1) + [ — — — — -J can be written as 
\ d J 

E( n ) = b 2 (n + l) 2 + c 2 , 

where b 2 = ir 2 /d 2 and c 2 = B(m + 1) are constants. The corresponding generators 
take the form (|4.3|) with e n = E(n). Let us see the commutation relations. It can 
be easily seen that 

[a, a+jVVn = & 2(2n + 3)^ m , n - 

As it was done in [2] , let us define a new set of operators 

11 3 

(7.1) = — =a, a f = -7=0+, ml> mn = (n + -)Vw- 

With these new operators we obtain 

(7.2) [0, 0'] = 2n, [n, a] = —a, [n, a" 1 "] = a'. 

The above commutation relations are the ones satisfied by the generators of the 
algebra su(i, 1) of the classical group S77(l, 1). Thus in this case the dynamical 
algebra is isomorphic to su(i, 1). 

7.3. For the states of section 16. 1L Since pi{m) = e m \, p 2 (n) = ej, e m = B(2m + 

7!-2( n + I) 2 

1) and e n = — , let us define two sets of operators as follows: 

(7.3) fli</> m = y/e^cpm-i, a\(j) m = A/e m+ i0 m+ i, n%(f) m = e m (f) m 

(7.4) a 2 Xn = y/e^Xn-i, 4xn = V^+lXn+l, n 2 Xn = tnXn- 
For the operators Oi, a\, tti, the commutators take the form, 

[ai, oj] = 25/ > K a il = 2Ba \> t n i> a i] = -2-Bai. 

Thus the dynamical algebra is isomorphic to g w _h- To get the exact commutation 
relations of g w _h one can define a new set of operators as follows. 

1 _ t 1 t - 1 

ai = ; — 01, a = . — a , ui = . — ni- 
v/25 v 7 ^ v/25 

In terms of these new operators one gets, 

Z", [ni,a{] = ai, [ni,aij = -ai. 



[ai,at] = / * ^1 
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For the operators 4 we get 

By defining a new set of operators 

d d 3 

(7.5) a 2 = -02, o| = -a 2 , n 2 Xn = (n + -)Xn 

71 71 I 

it can readily be seen that the commutators take the following form. 



(7.6) [o 2 , 4] = 2n 2> [*2, 02] = -o 2 , [n 2 , 4] = 4 



2: 



which are the commutation relations satisfied by the generators of the algebra 
su(i, 1). Now for the set of CS we define the following set of operators, 

(7.7) = 01 ® o 2 , a" 1 " = 4 ® 4) n = ni ® n 2 , 

Thus the algebra associated to the CS is isomorphic to the tensor product of the 
two algebras, g w _h and su(i, 1) , that is, g w _h ®su(i, 1). If we take the operators as 

(7.8) o=ai<g>o 2 , o t = a|®4) n = ni®n 2 , 

we get the exact commutation relations of g w _h <E> su(i, 1). One can also define 
another set of operators as follows. 



a^ m <8> Xn = y/e m £n(t>m-i ® Xn-1, a 4>o ® Xo = 
(7.9) aVm ®Xn = y/e m+1 e n+ i(p m+1 ® Xn+i 

n0 m ® Xn = e m e n (f) m ® Xn 

Observe that here also the CS become the eigenstates of a. But it may be difficult 
to identify this algebra to a known type. 

7.4. For the states of section 16.21 Since pi(m) = e m \, p 2 (n) = E(m,n)\, let us 
define two sets of operators as follows: 

,t. 



0l</> m — a/ e m0m-l? Oi0 m — a/ e m+ i0 m+ i, tli0 m — e m (j) m 

a 2 Xn = \/E(m,n)xn-i, 4xn = V E(m, n + l)x n +i, thXn = E(m,n)x n 

Again an analogue of subsection IT. II can be worked out for the operators Oi, o|,ni. 
Thus the operators generate the algebra g w _h- Since within the second sum of the 
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CS m is considered as a constant we are in the exact situation of subsection 17.21 
Thus the algebra generated by a 2 , a\, n 2 is isomorphic to the algebra su(i, 1). The 
rest of the details follows from the subsection 17.31 

8. Statistical quantities 

Quantum revivals are associated to wave functions. A revival of a wave function 
occurs when a wave function evolve in time to a state closely reproducing its initial 
form. Further the weighting distribution is crucial for understanding the temporal 
behavior of the wave function. In the case of the states (|4.1|) . the probability of 
finding the state r\ m in the state | J, a) is given by 

P(m,J) = \(vm\ J,a)\ 2 . 

A quantitative estimate is given by the so-called Mandel parameter, 

Q 



(J, a 


n 2 


J, a) — (J, a 


n 


J, a) 2 — (J, a 


n 


J, a) 


(J, a 


n 


J, a) 



where nr] m = e m r) m . If the Photon distribution is Poissonian then Q = 0. If Q < it 
is called sub- Poissonian and if Q > it is called super- Poissonian |2. . In this section 
we explicitely calculate the weighting distribution and the Mandel parameter for 
each of the CS discussed in the above sections. 

8.1. For the states of Eq. (J5.1|) . For this class of states we obtain 

P(mJ)= i j r = wggr 

Since n | ip m ,n) = E(m, n) \ VVn) an d E(0, n) ^ we have 

n\J,a,n) = Af(J, n)-^ ^^ e^ | 



m=0 



and 



n 2 \J,a,n) = M^n)- 1 3 ^^t e -^n)a , ^ 



n, VK 771 ) 



Thus 



JiFi(2;l + 7 ; J 

7 iFi(i; t; A) 



{J,a,n | n | J,a } n) = j— h oj 
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2 



where u = B + ^"T^ j and thereby i?(m, n) = 2Sm + a;. Further 

(J, a, n | n 2 | J, a, n) 

1 r 2J(B + u) „, J . 2 J 2 J ,, 2 

[ „ ^ 7 + 1; on) + -7--tt^i(3; 7 + 2; -)] + - 2 . 



Therefore 







2J(B + ^)( 7 + 1)1^(2; 7 + 1; A) + 2 AiM3; 7 + 2; ^) + 7(7 + iVV^i; 7; 

(7 + 1)^(2; 7 + 1; ^) + 7^1(1; 7; ^)] 



71^(1; 7;^) 

For particular values of B,d and n the sign of Q can be determined. 

8.2. For the states of Eq.flHU). We have 

P(n,J) " J 



For fixed m, E(m, n) = p + q(n + l) 2 where p = B(2m + 1) and q = ir 2 /d 2 . Since 
i?(m, 0) 7^ and n | Vw) = E(m, n) \ ip mn ) we have 

, T g ^J n (n + l) 2 
{ J, a, m ti J, a, m) = p + Trn — > ^ — = p + gQi 



Q 



where 

d 2 J, 2Jd 2 „ , - „ d 2 J 

and 

00 jnj2n(^ 1 „/„ 1 i\2\2 



F 2 (2; /3, /3; — ) + ——^(3; /? + 1, (5 + 1; , 

7T O T 



(J, a, m I n 2 I J, a, m) = Af(J, my 2 ^ ^ Vl ; ; = p 2 + 2pgQi + g 2 Q 2 



where 



1 f 2Jd 2 + 7T 2 „ , n d 2 J 

® 2 = w^.W ^ iftfoaft 



7T 



2 



Thus 



1 F 2 (l;/5,/5;^) L tH 

2Jrf 2 ( 7 r 2 |/3| 2 -Jrf 2 -7 7 r 2 ) fl , 
1^ 2 (3, + 1, + 1, — 

6J 2 ^(/? + ^-5) _ rf 2 J 



^ p 2 + 2pqQ 1 + q 2 Q 2 
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Here again for specific values of B, d and m the sign of Q can be determined. 



8.3. For the states of Eq. (|6.1|) . The probability of finding the state 4> m ® Xn in 
the state | J 1; J 2 , «i, a 2 ) is given by 



P(m,n, J u J 2 ) 



J™ J. 



2 



1; ft)oFi(-; l; ^)2™s™ (5 ) 2n (2) B (2)„ (§), 

Since tli</» m = e m m , n 2 Xn = e n Xn, n = m <g> n 2 , and e ^0,6 ^0we have 
( Ji, J 2 , ai, «2 I n I Ji, J 2) cki, cn 2 ) = BlT J^ 4 1 2( ?3 + 



where 



V3 A/i(Ji) 2 ^ 2 m B™(l) m WNAJ1Y 1 ' 2' 2B' 

771=0 ^ 



and 



^ 4 _ KTJ.W S 



00 d 2m J 2 m (m + l) 2 



■^W^S ^ 2m (2) m (2) ? 



Further 



( Ji, J 2) ai, cn 2 I n I Ji, J 2 , cki, a 2 ) = (Ji, J 2 , cki, a 2 | n 1 <g> n 2 | Ji, J 2 , ai, 0^2) 



~ jm'Z ^ 77i„ 



m=0 n=0 Cr 



where 

Jfm 2 

m / 



^ 5 A/lfJ.^X! 



and can be obtained from Q 2 by substituting J=J 2 ,/3 = /3 = 2 and jV( J, m) = 
Ni(Ji) in the expression of Q 2 . Qa can be obtained from Qi by the same substitu- 
tion. Thereby we have 

_ £tt 2 Q 6 (4Q 5 + 4Q 3 + 1) Btt 2 Q42Q 3 + 1) 
W rf 2 Q 4 (2Q 3 + l) rf 2 

For specific values of -B and d the sign of Q can be determined. 
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8.4. For the states of Eq. (|6.5|) . The probability of finding the state <p m ® Xn in 
the state | J 1: J 2 , ai, a 2 ) is given by 

jm jn 

P(m, n, Ji , Jo) = = — z — o = — 

1 F 2 (1; ft ft ^)M(Ji, J 2 ) 2 2 m B™ (|) n (if 1 (ft n (ft n 

Further, by taking tli0 m = e m m , n 2 Xn = ^(w, n)x n and n = rii ® n 2 one can find 
Q as in the previous section. Since we do not have a closed form for jVi(Ji, J 2 ) we 
avoid calculating it. 



9. CONCLUSION 



Eigenfunctions and eigenvalues of the free magnetic Schodinger operator H = 
2jj(P — | A) 2 were discussed. The eigenfunctions were realized as an orthonormal 
basis of a Hilbert space. Four classes of temporally stable CS associated to the 
eigenfunctions and eigenvalues of the operator H were demonstrated. The first 
two classes were constructed with one degree of freedom and the last two with two 
degrees of freedom. To each class of CS the corresponding dynamical algebra was 
specified. The dynamical algebras were identified to the Weyl-Heisenberg algebra, 
su(i, l) algebra and their tensor products. For each class of CS, quantum statistical 
quantities were calculated explicitely. 
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